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Abstract
Every finite group G acts as an automorphism group of several bordered compact Klein surfaces.
The minimal genus of these surfaces is called the real genus and denoted by ρ(G).
The systematical study was begun by C.L. May and continued by him in several other papers
about the topic. As a consequence of these works, he and other authors obtained the groups such
that 0 ρ(G) 8. The real genus of many families of groups has also been calculated. In this work
we are interested in finding the real genus of each group Dr × Ds , where both factors are dihedral
groups. Results depend on the real genus of groups Cm × Dn, where Cm is a cyclic group. The case
m odd was studied by May and the authors have studied the case m even. The result of May needs to
be slightly corrected.
In this work we complete the proof of May for the case m odd and we calculate the real genus of
the groups Dr × Ds .
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A Klein surface X is a compact surface endowed with a dianalytic structure [1]. Klein
surfaces may be seen as a generalization of Riemann surfaces including bordered and non-
orientable surfaces. An orientable unbordered Klein surface is a Riemann surface. Given
a Klein surface X of topological genus g with k boundary components the number p =
ηg + k − 1 is called the algebraic genus of X, where η = 2 if X is an orientable surface
and η = 1 otherwise.
In the study of Klein surfaces and their automorphism groups the non-Euclidean crys-
tallographic groups (NEC groups, in short) play an essential role. An NEC group Γ is a
discrete subgroup of G (the full group of isometries of the hyperbolic plane H) with com-
pact quotient H/Γ . For each Klein surface X with p  2 there exists an NEC group Γ ,
such that X =H/Γ , [12].
A finite group G of order N is an automorphism group of a Klein surface X =H/Γ if
and only if there exists an NEC group Λ such that Γ is a normal subgroup of Λ with index
N and G = Λ/Γ . If G is a finite group there exists a bordered Klein surface X such that
G is an automorphism group of X, [1].
A finite group G may act as an automorphism group of different bordered Klein sur-
faces. The minimum algebraic genus of these surfaces is called the real genus of G and it
is denoted by ρ(G). The systematical study of the real genus was begun by C.L. May in
[8]. Two kinds of problems appear. Firstly to obtain the groups with real genus n for each
natural number n. On the other hand, for each given family of finite groups, to calculate
the real genus of each member in that family.
Up to now, the groups such that 0 ρ(G) 8 have been calculated. Groups with real
genus 0 are Cn and Dn (cyclic groups and dihedral groups, respectively). The groups with
real genus 1 are C2 ×Cn for n 4 even, and C2 ×Dn for n even. If ρ(G) 2, the number
of groups for each genus is finite. There is no group with real genus 2. The groups with real
genus 3 are S4 and A4. For ρ(G) = 4, 5, see [7–9] and for genus 6, 7 and 8 see [4]. The
real genus of finite Abelian groups [11], and of several families of groups is also known.
In particular, the real genus of the groups Cm × Dn was studied by May in [10] for m odd
and by the authors in [3] for m even. The results in [10] must be slightly corrected and it
shall be done in this paper.
In this work we obtain the real genus of groups Cm × Dn (m odd) in Section 2, and the
real genus of each group Dr × Ds in Section 3. First, we give some preliminaries about
NEC groups and Klein surfaces.
An NEC group Γ is a discrete subgroup of isometries of the hyperbolic planeH, includ-
ing orientation-reversing elements, with compact quotient X =H/Γ . Each NEC group Γ
has associated a signature [5]:
σ(Γ ) = (g;±; [m1, . . . ,mr ], {(ni,1, . . . , ni,si ), i = 1, . . . , k}), (1.1)
where g, k, r , mi , ni,j are integers verifying g, k, r  0, mi  2, ni,j  2. The number g
is the topological genus of X. The sign determines the orientability of X. The numbers mi
are the proper periods. The brackets (ni,1, . . . , ni,si ) are the period-cycles. The number k
of period-cycles is equal to the number of boundary components of X. Numbers ni,j are
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[−] and (−) the cases when r = 0 and si = 0, respectively.
The signature determines a presentation [13] of Γ :
Generators:
xi, i = 1, . . . , r;
ei, i = 1, . . . , k;
ci,j , i = 1, . . . , k, j = 0, . . . , si;
ai, bi, i = 1, . . . , g (if σ has sign ‘+’);
di, i = 1, . . . , g (if σ has sign ‘−’).
Relations:
x
mi
i = 1, i = 1, . . . , r;
c2i,j−1 = c2i,j = (ci,j−1ci,j )ni,j = 1, i = 1, . . . , k, j = 1, . . . , si;
e−1i ci,0eici,si = 1, i = 1, . . . , k;
r∏
i=1
xi
k∏
i=1
ei
g∏
i=1
(
aibia
−1
i b
−1
i
)= 1 (if σ has sign ‘+’);
r∏
i=1
xi
k∏
i=1
ei
g∏
i=1
d2i = 1 (if σ has sign ‘−’).
The isometries xi are elliptic, ei , ai , bi are hyperbolic, ci,j are reflections and di are
glide reflections.
Every NEC group Γ with signature (1.1) has associated a fundamental region whose
area µ(Γ ), called the area of the group, is:
µ(Γ ) = 2π
(
ηg + k − 2 +
r∑
i=1
(
1 − 1
mi
)
+ 1
2
k∑
i=1
si∑
j=1
(
1 − 1
ni,j
))
, (1.2)
with η = 2 or 1 according to X be orientable or not. An NEC group with signature (1.1)
actually exists if and only if the right-hand side of (1.2) is greater than 0.
We denote by |Γ |∗ the expression µ(Γ )/2π and call it the reduced area of Γ .
If Γ is a subgroup of an NEC group Γ ′ of finite index N , then also Γ is an NEC group
and the following Riemann–Hurwitz formula holds:
µ(Γ ) = Nµ(Γ ′). (1.3)
Let X be a Klein surface of topological genus g with k boundary components. Then by
[12] there exists an NEC group Γ with signature:
σ(Γ ) = (g;±; [−],{(−), k. . . , (−)}),
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group.
For each automorphism group G of a surface X =H/Γ of algebraic genus p  2 there
exists an NEC group Γ ′ such that G = Γ ′/Γ where Γ ⊂ Γ ′ ⊂ NG , [6], and NG denotes
the normalizer of Γ in the group G, the full group of isometries of H.
Every finite group G may act as an automorphism group of different bordered Klein
surfaces. The minimum genus of these surfaces is called the real genus of G, and it is
denoted by ρ(G). Let X =H/Γ be a bordered Klein surface on which G acts as an auto-
morphism group. Then there exists another NEC group Λ such that G = Λ/Γ . From the
relation between areas we have
p − 1 = o(G)|Λ|∗,
where o(G) denotes the order of G. Then
p(G) p = 1 + o(G)|Λ|∗,
and so to obtain the real genus is equivalent to find a group Λ with minimal area.
2. Cyclic groups by dihedral groups
In our study of the real genus of groups Dr × Ds we will need results about the real
genus of products Cm × Dn. The case m odd was studied by May in [10, Theorem 3],
where he obtains in the proof of that theorem an upper bound for ρ(Cm × Dn). However,
in order to prove that this bound is in fact the value of the real genus he relies on his
Theorem 1. In the proof of this theorem, when considering the case: algebraic genus 1 and
number of proper periods equal to 0, he deduces from [2] that there exist at least two link
periods equal to 2; but it is not really the case since there may be an empty period-cycle
plus another one with just one link period. Hence, the supposed lower bound he obtains
from Theorem 1 may be, in some cases, still lowered. Then the real genus ρ(Cm × Dn) is
in fact lower than the one indicated in [10, Theorem 3].
We are going here to obtain the complete result and we indicate in which cases it differs
from the May result.
The generator of Cm is denoted by X and the generators of Dn are denoted by A and B ,
satisfying the relations A2 = B2 = (AB)n = 1.
Theorem 1. Let m,n 3, and m an odd number. The real genus of the group Cm × Dn is
(i) 1 + m(n − 2) if n is even and n < 2m,
(ii) 1 + n(m − 1) if n is even and n 2m,
(iii) 1 + m(n − 1) if n is odd and n < m,
(iv) 1 + n(m − 1) if n is odd and n > m,
(v) 1 + m(m − 2) if n is odd and n = m.
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for the real genus. In Part 2 we obtain better upper bounds for the real genus of Cm × Dn
for certain values of m and n. Finally in Part 3 we prove that these bounds are in fact the
real genus of such groups.
Part 1. Let Λ be an NEC group with signature (0,+, [2,2m], {(−)}) and θ :Λ → Cm ×
Dn defined by
θ(x1) = A,
θ(x2) = XB,
θ(e1) = X−1BA,
θ(c1,0) = 1.
Then θ((x2)m) = B , and θ((x2)m+1) = X. So θ is an epimorphism and the reduced area
of Λ is (1/2 − 1/(2m)). We have obtained an upper bound for the real genus, precisely,
1 + n(m − 1).
Part 2. (a) Let now n = 2k be an even number. Let us consider an NEC group Λ with
signature (0,+, [−], {(k), (−)}) and θ :Λ → Cm × Dn defined by
θ(c1,0) = B,
θ(c1,1) = ABA,
θ(e1) = XBA,
θ(c2,0) = 1,
θ(e2) = ABX−1.
Obviously B(ABA) is an element of order k. We are going to see that the other relations
are satisfied
θ
(
e−11 c1,0e1c1,1
)= ABX−1BXBAABA = 1,
and of course θ(e1e2) = 1. From θ(e1c1,1) = XBAABA = XA, we may obtain A and X
since m is odd and so (XA)m = A, and (XA)m+1 = X. Then θ is an epimorphism and
Γ = ker(θ) is an NEC surface group.
The reduced area of Λ is (1/2 − 1/n) and so the real genus is
ρ(Cm × Dn) 1 + m(n − 2),
and this bound is better than 1 + n(m − 1) [10, Theorem 3] if and only if n < 2m.
(b) Now let n = m be an odd number. Let us consider an NEC group Λ with signature
(0,+, [−], {(n), (−)}). Let θ :Λ → Cm × Dn defined by
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θ(c1,1) = B,
θ(e1) = X(AB)n+12 ,
θ(c2,0) = 1,
θ(e2) = X−1(AB)n−12 .
The element θ(c1,0, c1,1) = AB has order n. We see that the relations
θ
(
e−11 c1,0e1c1,1
)= X−1(AB)n−12 AX(AB)n+12 B
= (AB)n−12 AA(BA)n−12 BB = 1
are satisfied. The last relation θ(e1e2) = 1 is trivial. We obtain the element X from
θ
(
e1(c1,0c1,1)
n−1
2
)= X(AB)n = X.
Then θ is an epimorphism and Γ = ker(θ) is a surface NEC group. The reduced area of
Λ is (1/2 − 1/(2n)) and the real genus satisfies
ρ(Cm × Dn) 1 + m(n − 1).
This bound is better that 1+n(m−1) in [10, Theorem 3] if and only if n < m. Moreover,
in the case n | m, May gives as the real genus 1 + n(m− 2), but also in this case the above
bound is better since 1 + m(n − 1) < 1 + n(m − 2) if and only if 2n < m. Because n is a
divisor of m and both numbers are odd, this condition is always satisfied.
(c) The last possibility is the case m = n. Let Λ be an NEC group with signature
(0,+, [2,m], {(−)}). Let θ :Λ → Cm × Dn defined by
θ(x1) = A,
θ(x2) = XBA,
θ(e1) = ABX−1A,
θ(c1,0) = 1.
The relations are trivially satisfied. We now obtain the element B: θ((x2x1)m) =
(XBAA)m = (XB)m = B , because m is odd. Analogously X is obtained as θ((x2x1)m+1) =
(XB)m+1 = X. Then θ is an epimorphism and Γ = ker(θ) is a surface NEC group. The
reduced area of Λ is (1/2 − 1/m) and the real genus satisfies
p(Cm × Dn) 1 + m(m − 2).
Part 3. Let us prove that the above inequalities are in fact equalities. In all cases we have
obtained NEC groups Λ with reduced area lesser than 1/2. Since Cm ×Dn is not generated
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epimorphism θ :Λ → Cm × Dn. Hence the signature of Λ must contain proper periods
greater than 2 or more than one period-cycle; and besides there must be an empty period-
cycle or at least two link periods equal to 2, [2]. Such NEC groups with reduced area lower
than 1/2 are
(i) (0,+, [3,3], {(−)}),
(ii) (0,+, [3,4], {(−)}),
(iii) (0,+, [3,5], {(−)}),
(iv) (0,+, [2, λ], {(−)}),
(v) (0,+, [−], {(λ), (−)}),
(vi) (0,+, [λ], {(2,2)}).
We call φ the composition of θ with the projection Cm ×Dn → Dn; and ψ the compo-
sition of θ with the projection Cm × Dn → Cm.
We first consider simultaneously the cases (i) and (iii). Since θ(c1,0) = 1, in both cases
the image of φ is generated by φ(x1) and φ(x2), whose orders divide 3 or 5. Hence they
are both powers of AB , and they cannot generate the group Dn.
The same way in case (ii), we have necessarily φ(x1) of order 3, φ(x2) of order 2. Hence
n = 3. But now Cm is generated by ψ(x1) and ψ(x2) whose orders divide, respectively, 3
and 4. Thus m is even or 3. Since m is odd, we have m = n = 3, but in this case we have
(see (c) in Part 2) the group of signature (0,+, [2,3], {(−)}) with lower area.
We deal now with case (iv). Since x1 has order 2 and m is odd, ψ(x1) = 1, and so ψ(x2)
generates Cm and has order m. Because of that λ is a multiple of m. The same way Dn is
generated by φ(x1) and φ(x2). Since the order of φ(x1) divides 2, it is just 2, and the order
of φ(x2) is 2 or n. Thus λ is besides a multiple of n or multiple of 2. So λ is a multiple of
2m or of lcm(m,n). Hence, the bounds of Part 2 may not be lowered.
Let us take now case (v). The group Dn is generated by φ(e1) and φ(c1,0). Since c1,0
has order 2, φ(c1,0) is (AB)n/2 (if n even) or an element (AB)sA. In the first case consider
now φ(e1). If it has the form (AB)t , only powers of AB would be generated; and if it has
the form (AB)tA, then φ(e1), φ(c1,0) and their product all have order 2, and so they do
not generate Dn for n 3.
Thus φ(c1,0) = (AB)sA. If φ(e1) = (AB)t , then φ(c1,0)φ(e1) = (AB)sA(AB)t =
(AB)s−tA, of order 2. Hence (AB)t has order n and so gcd(n, t) = 1. Recall now that
e−11 c1,0e1c1,1 = 1. Thus c1,1 = e−11 c1,0e1; and so 1 = (c1,0c1,1)λ = (c1,0e−11 c1,0e1)λ. We
have 1 = ((AB)sA(BA)t (AB)sA(AB)t )λ = (AB)2λt . Hence 2λt is a multiple of n, and
since gcd(n, t) = 1 we deduce that 2λ is a multiple of n.
The other possible value of φ(e1) is (AB)tA. In this case
φ(c1,0)φ(e1) = (AB)sA(AB)tA = (AB)s−t .
This element must have order n, and so gcd(n, s − t) = 1. Besides
1 = φ((c1,0e−1c1,0e1)λ)= ((AB)sA(AB)tA(AB)sA(AB)tA)λ = (AB)(2s−2t)λ.1
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multiple of n.
In both cases 2λ is a multiple of n. So if n is even, λ n/2 (case (a) in Part 2), and if n
is odd, λ n (case (b) in Part 2). In any case the above bounds are not lowered.
Finally consider case (vi). In this case since m is odd and so Cm has no elements of
order 2, Cm is generated by ψ(x1). Thus ψ(x1) has order m, and λ is a multiple of m.
Besides Dn is generated by φ(x1) and φ(c1,0). So φ(x1) has order 2 or order n, and then λ
is a multiple of 2 or a multiple of n. In the first case since m is odd, λ is a multiple of 2m;
in the later one λ is a multiple of lcm(m,n). In either case we are in the same situation that
in case (iv).
We have finished: in no case we can obtain groups Λ with reduced area lower than those
obtained in Part 2. The above inequalities for real genus are in fact equalities. 
Remark 1. The real genera of the groups Cm × Dn with order less than 32 are:
C3 × D3 4
C3 × D4 7
C3 × D5 11
C5 × D3 11
Hence the tables in [9, page 405] must be corrected for groups C3 × D4 and C5 × D3.
Also, C3 × D4 is a new group of real genus 7 to be added to the list of [4, page 698].
The case of the product of a cyclic group with even order by a dihedral group is studied
in [3]. For later reference we give the real genera of groups C2m × Dn.
Theorem 2. Let m  2 and n  3 be natural numbers not simultaneously odd. The real
genus of the group C2m × Dn is
1 + 2nm if n is even,
1 + 2m(n − 1) if n is odd and n < m,
1 + 2n(m − 1) if n is odd and n > m.
3. Real genus of Dr ×Ds
In this section we are going to calculate the real genus of the groups Dr ×Ds . As above
we write Dr = 〈A,B | A2,B2, (AB)r 〉 and Ds = 〈C,D | C2,D2, (CD)s〉.
We begin with the following result which provides us with an upper bound for the real
genus of Dr × Ds .
Proposition 1. Let σ be the signature (0,+, [−], {(2,2,2,2,2)}). Then there exists an
NEC group Λ with this signature such that Λ admits a normal surface subgroup Γ and
Dr × Ds acts as an automorphism group of the surface H/Γ .
As a consequence ρ(Dr × Ds) 1 + rs.
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θ(c1,0) = A, θ(c1,1) = 1, θ(c1,2) = C, θ(c1,3) = B, θ(c1,4) = D, θ(c1,5) = A.
The relations are satisfied and Γ = ker(θ) is a surface NEC group. The reduced area |Λ|∗
is 1/4 and hence ρ(Dr × Ds) 1 + rs. 
If r or s is an odd number we have a better bound. Let us take r the odd number or the
least one if both r and s are odd. We are going to prove that in this case A, BD and C are
three elements of order 2 which generate the group Dr × Ds . Let us call a = A, b = BD
and c = C. Then
(ab)r = D, b(ab)r = B,
and hence a, b and c generate the whole group.
Proposition 2. Let r be an odd number. Let σ be the signature (0,+, [−], {(2,2, λ,2)}).
Let us consider the following cases:
(a) s odd and r < s, or s even and 2r  s,
(b) s even and 2r > s,
(c) s odd and r = s.
Then
(i) There exists an NEC group Λ with signature σ (where λ = 2r, s, r , for cases (a), (b)
and (c) respectively) such that Λ admits a normal surface subgroup Γ and Dr × Ds
acts as an automorphism group of the surface H/Γ .
(ii) As a consequence we obtain respectively the following upper bounds:
ρ(Dr × Ds) 1 + s(r − 1),
ρ(Dr × Ds) 1 + r(s − 2),
ρ(Dr × Ds) 1 + r(r − 2).
Proof. We simultaneously prove (i) and (ii) for each case.
(a) Let θ :Λ → Dr × Ds defined by
θ(c1,0) = C,
θ(c1,1) = 1,
θ(c1,2) = BD,
θ(c1,3) = A,
θ(c1,4) = C.
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that λ = 2r , the reduced area of Λ is
|Λ|∗ = 1
4
− 1
4r
,
and hence
ρ(Dr × Ds) 1 + s(r − 1).
(b) Now let θ :Λ → Dr × Ds defined by
θ(c1,0) = A,
θ(c1,1) = 1,
θ(c1,2) = BD,
θ(c1,3) = C,
θ(c1,4) = A.
The relations are satisfied and Γ = ker(θ) is a surface NEC group. Now since λ = s the
reduced area of Λ is
|Λ|∗ = 1
4
− 1
2s
,
and hence
ρ(Dr × Ds) 1 + r(s − 2).
(c) Finally let θ :Λ → Dr × Ds defined by
θ(c1,0) = A,
θ(c1,1) = 1,
θ(c1,2) = BD,
θ(c1,3) = AC,
θ(c1,4) = A.
Since θ(c1,0c1,3) = C, we have that θ is an epimorphism and Γ = ker(θ) is a surface
NEC group. Now since λ = r = s the reduced area of Λ is
|Λ|∗ = 1 − 1 ,
4 2r
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ρ(Dr × Ds) 1 + r(r − 2). 
Now we state the main theorem. Because Dr ×Ds = Ds ×Dr interchanging r and s, if
necessary, we may suppose without a loss of generality that r is odd when there is at least
one odd number in {r, s}.
Theorem 3. The real genus of the group Dr × Ds is
(i) 1 + r(s − 2) if r odd, s even and s < 2r ,
(ii) 1 + s(r − 1) if r odd, s even and s  2r ,
(iii) 1 + s(r − 1) if r , s are odd numbers and r > s,
(iv) 1 + r(s − 1) if r , s are odd numbers and s > r ,
(v) 1 + r(r − 2) if r , s are odd numbers and r = s,
(vi) 1 + rs if r , s are even numbers.
Proof. It only remains to prove that the bounds given in Propositions 1 and 2 are the
lowest ones. For that, we will compare them with bounds in Theorems 1 and 2, taking
account that if S is a subgroup of Dr × Ds then ρ(S)  ρ(Dr × Ds). For each case it is
enough to compare with ρ(Cm ×Dn) for the suitable values of m and n. We do this for the
first case and the remaining cases are dealt in the same way.
Let us take S = Cr ×Ds . Since r is odd, s is even and s < 2r from Theorem 1 we have
ρ(Cr × Ds) = 1 + r(s − 2) = ρ(Dr × Ds). 
Remark 2. The group G of order 48 and real genus 7 appearing in [4] is D3 × D4.
This group G is described in that paper by the presentation
〈
a, b, c
∣∣ a2, b2, c2, (ab)2, (bc)4, (ac)12, (bc)2(ac)6〉.
Take a = CABA, b = C, c = ACDC. We are going to prove that these elements satisfy
all the relations in the above presentation. Obviously the elements have order 2. Now ab =
ABA of order 2; bc = ADC of order 4; ac = ABDC of order 12 and finally (bc)2(ac)6 =
(ADC)2(ABDC)6 = 1.
Let us see now that a, b and c generate the group D3 × D4. The element b(ac)3 is
C(DCAB)3 = D and hence A = cb(b(ac)3)b. Finally since AB = (ac)4, we have B =
A(AB) = (cb(b(ac)3)b)(ac)4.
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